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Abstract. We consider the action of the Bethe algebra Bk on {'S)s=iL,^(s))x, the weight 
subspace of weight A of the tensor product of k polynomial irreducible gl^-modules with 
highest weights A^^-*, . . . , A*-'^\ respectively. The Bethe algebra depends on N complex num- 
bers K = (Ki, . . . , Kn). Under the assumption that Ki, . . . , are distinct, we prove that 
the image of Bk in End (((g)^^iL_^(s) )a) is isomorphic to the algebra of functions on the 
intersection of k suitable Schubert cycles in the Grassmannian of A''-dimensional spaces of 
quasi-exponentials with exponents K. We also prove that the Si<r-module ((81s=i^a(=' )a is 
isomorphic to the coregular representation of that algebra of functions. We present a Bethe 
ansatz construction identifying the eigenvectors of the Bethe algebra with points of that 
intersection of Schubert cycles. 

1. Introduction 

It has been proved recently in |MTV6j that the eigenvectors of the Bethe algebra of the 
qIj^ Gaudin model are in a bijective correspondence with A^-th order Fuchsian differential 
operators with polynomial kernel and prescribed singularities. In this paper we construct a 
variant of this correspondence. 

The Bethe algebra considered in [Tj, |MTV6j admits a deformation Bk depending on 
complex parameters K = {Ki, . . . ,Kn), see |CT] . |MTV1] . Under the assumption that 
Ki, . . . , Kn are distinct, we consider the Bethe algebra Bk acting on (®J^^L_^(s))a, the weight 
subspace of weight A of the tensor product of k polynomial irreducible gl^y-niodules with high- 
est weights A^^-*, . . . , A^'^-', respectively. We prove that the image of Bk in End 
is isomorphic to the algebra of functions on the intersection of k suitable Schubert cycles 
in the Grassmannian of A^-dimensional spaces of quasi-exponentials with exponents K. We 
prove that the Sx-module {®^g^iLy^{s))x is isomorphic to the coregular representation of that 
algebra of functions. 

We present a Bethe ansatz construction identifying the eigenvectors of the Bethe algebra 
Bk with points of that intersection of Schubert cycles, cf. |MTV7j . 

Thus, we show that the eigenvectors of Bk are in a bijective correspondence with suitable 
A^-th order differential operators with quasi-exponential kernel and prescribed singularities. 
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This correspondence reduces the multidimensional problem of the diagonalization of the 
Bethe algebra action to the one-dimensional problem of finding the corresponding differential 
operators. 

A separation of variables in a quantum integrable model is a reduction of a multidimen- 
sional spectral problem to a suitable one-dimensional problem, see for example Sklyanin's 
separation of variables in the Gaudin model. In that respect, our correspondence can 
be viewed as "a separation of variables" in the g[jv Gaudin model associated with Bk, cf. 



The results of this paper and of |MTV6] are in the spirit of the geometric Langlands 
correspondence, which, in particular, relates suitable commutative algebras of linear oper- 
ators acting on gl^y'i^odules with properties of schemes of suitable A^-th order differential 
operators. 

The paper is organized as follows. In Section [2], we discuss representations of the current 
algebra 0lAr[t], in particular, Weyl modules. We introduce the Bethe algebra as a subalgebra 
of U{Qlj^[t]) in Section [31 In Section H] we introduce the space of quasi-exponentials and 
discuss properties of the algebra of functions on that space. 

In Section [5l we introduce a collection of (Schubert) subvarieties in the affine space fix of 
collections of N quasi-exponentials and consider the algebra of functions on the intersection 
of the subvarieties. We prove the main results of the paper. Theorems 16. 3^ 16. 7^ 16. 9^ and 16.121 
in Section [HI Section [7] describes apphcations. 

The results of this paper are related to the results on the gl^-opers with an irregular 
singularity in the recent paper [FFR] . 

Acknowledgments. We thank D. Arinkin for useful discussions and L. Rybnikov for send- 
ing us preprint [FFR] . 



2.1. Lie algebra glj^. Let 6,^, i,j = l,...,N,he the standard generators of the Lie algebra 
qIj^ satisfying the relations [eij,esk] = Sjs^ik — ^ik^sj- We identify the Lie algebra sl^- with 
the subalgebra in gl^ generated by the elements en — ejj and Cij for i j, i,j = 1, . . . ,N. 
We denote by f) C gf^v the subalgebra generated by 6^, i = 1, . . . , A^. 

The subalgebra C gljy generated by the element J^iLi^a central. The Lie algebra 
qIj^ is canonically isomorphic to the direct sum sljy Q)^n- 

Given an A^ x A^ matrix A with possibly noncommuting entries aij, we define its row 
determinant to be 

(2.1) rdetA = (-1)"" Qla(l)Q2<7(2) ■ • • aNajN) ■ 




|MTV7j . 



2. Representations of current algebra Qlj^[t] 




ctGSn 



(2.2) 




\ -eiN 



-e2N 



X + N - 1 - e^N j 
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The next statement was proved in |HUj . see also |MNOl Section 2.11]. 

Theorem 2.1. The coefficients of the polynomial Z{x)—x^ are free generators of the center 

of f/(0[^). □ 

Let M be a g [^-module. A vector t> G M has weight A = (Ai, . . . , Aat) G if cuv = XiV 
for i = 1, . . . , N. A vector v is called singular if Cijv = for 1 ^ i < j ^ A^. If f is a singular 
of weight A, then 

N 

(2.3) Z{x) V = Y[{x - Xi + i-1) -v . 

We denote by {M)x the subspace of M of weight A, by (M)'**"^ the subspace of M of all 
singular vectors and by (M)^*""^ the subspace of M of all singular vectors of weight A. 

Denote by Lx the irreducible finite-dimensional gf^y-module with highest weight A. Any 
finite-dimensional gl^-module M is isomorphic to the direct sum ^^Lx ® (M)^*"^, where 
the spaces (M)^*"^ are considered as trivial g [^-modules. 

The gl^-module i^(i,o,...,o) is the standard A^-dimensional vector representation of gl^. We 
denote it by V. We choose a highest weight vector in V and denote it by f^. 

A g [^-module M is called polynomial if it is isomorphic to a sub module of V^^ for some 

n. 

A sequence of integers A = (Ai, . . . , Aat) such that Ai ^ A2 ^ ■ ■ ■ ^ Aat ^ is called a 
partition with at most N parts. Set |A| = YliLi ^i- Then it is said that A is a partition of 
|A|. 

The g [^-module V^'^ contains the module Lx if and only if A is a partition of n with at 
most A^ parts. 

For a Lie algebra g , we denote by U (g) the universal enveloping algebra of g. 

2.2. Current algebra g[Ar[t]. Let gf^[t] = gl^v ® C[t] be the Lie algebra of gl^y-valued 

polynomials with the pointwise commutator. We call it the current algebra. We identify the 

Lie algebra gl^ with the subalgebra g[^ 1 of constant polynomials in gl^vM- Hence, any 

g[;v[t]-module has the canonical structure of a gl^v'^^odule. 

The standard generators of Ql^lt] are e^j ^t^, i,j = 1, . . . ,N, r E Z^o- They satisfy the 

relations [cij ® t^, Csk ® t'^] = djsCik ® — SikCgj ® f^^. 

The subalgebra 3Ar[t] C qIn[A generated by the elements X]i=i ^ ^^o, is central. 

The Lie algebra Qlj^[t] is canonically isomorphic to the direct sum slN[t] © 3 at [ti- 
lt is convenient to collect elements of g[^[t] in generating series of a variable u. For g G gl^v, 

set 

00 

g{u) = Y,ig^t^)u-^~\ 

s=0 

For each a G C, there exists an automorphism pa of gl^vM; Pa '■ giu) ^ g{u — a) . Given a 
g[^[t]-module M, we denote by M(a) the pull-back of M through the automorphism p^. As 
g[^-modules, M and M(a) are isomorphic by the identity map. 

For any g[^[t] -modules L, M and any a G C, the identity map (L®M)(a) L{a) ®M{a) 
is an isomorphism of g[jv[t] -modules. 
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We have the evaluation homomorphism, ev : Qli^[t] — > gl^, ev : g{u) gu^^. Its restric- 
tion to the subalgebra qI^ C glf^[t] is the identity map. For any g[^-module M, we denote 
by the same letter the g[jv[^]-niodule, obtained by pulling M back through the evaluation 
homomorphism. For each a G C, the 0[^[)f:] -module M{a) is called an evaluation module. 

If bi, ... ,bn are distinct complex numbers and Li, . . . , L„ are irreducible finite-dimensional 
0[^-modules, then the 0[^[t]-module ^^^iLs{bs) is irreducible. 

We have a natural Z^g-grading on gl^lt] such that for any g G gtjy, the degree of g <S)t^ 
equals r. We set the degree of m to be 1. Then the series g{u) is homogeneous of degree —1. 

A 0[^[t]-module is called graded if it has a Z^Q-gi'ading compatible with the grading of 
0[^[t]. Any irreducible graded 0[^[t]-module is isomorphic to an evaluation module L(0) for 
some irreducible gl^y-module L, see |CGj . 

Let M be a Z^g-graded space with finite-dimensional homogeneous components. Let 
Mj C M be the homogeneous component of degree j. We call the formal power series in a 
variable q, 

oo 

chM(g) = ^(dimM,•)g^ 

j=0 

the graded character of M. 

2.3. Weyl modules. Let Wm be the -module generated by a vector Vm with the 
defining relations: 

m 

eii{u)Vm = Sii — Vm , i = l,...,N, 

u 

eij{u)vm = 0, 1^2<j^iV, 

As an 5 liv [if:] -module, the module Wm is isomorphic to the Weyl module from [CL ], [CP], 
corresponding to the weight ma;i, where ui is the first fundamental weight of sIn. Note that 
Wi = 1/(0). 

Lemma 2.2. The module Wm has the following properties. 

(i) The module Wm has a unique grading such that Wm is a graded Qlj^[t]-module and 
the degree of Vm equals 0. 

(ii) As a glj^-module, Wm is isomorphic to V^"^. 

(iii) A gl]^[t]-module M is an irreducible subquotient of Wm if and only if M has the 
form Lx{0), where X is a partition of m with at most N parts. 

Proof. The first two properties are proved in [CPJ. The third property follows from the first 
two. □ 

For each 6 G C, the gljvM'i^odule Wm{b) is cyclic with a cyclic vector Vm- 

Lemma 2.3 ( [MTV6j ). The module Wm{b) has the following properties. 

(i) As a glj^-module, Wm{b) is isomorphic to 1/®™. 

(ii) A gl]^[t]-module M is an irreducible subquotient of Wm{b) if and only if M has the 
form Lxip), where X is a partition of m with N parts. 
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(iii) For any natural numbers ni,...,nk and distinct complex numbers bi,...,bk, the 
Qlj^[t]-module <^s=i'^nA^s) is cyclic with a cyclic vector ®g=ifn^. 

(iv) Let M be a cyclic finite-dimensional gl]sf[t]-module with a cyclic vector v satisfying 
eij{u)v = Oforl^i<j^N, and eii{u)v = 5ii{Y!l^-^ns/ {u-bs))v for i = 1, . . . , N . 
Then there exists a surjective glj^[t]-module homomorphism ®J=i^ns(^s) ~^ ^ send- 



ing to V. 



□ 



Given sequences n = (ni, . . . , rifc) of natural numbers and b = {bi,...,bk) of distinct 
complex numbers, we call the 0[jY[t] -module ®g^iWn^{bs) the Weyl module associated with 
n and b. 

Corollary 2.4 ( |MTV6j ). A Qlj^[t]-module M is an irreducible subquotient of ®^^^^WnX^s) 
if and only if M has the form ^g^iL^{s){bs) , where X^^\ . . . , A^'^-' are partitions with at most 
N parts such that \X^^^\ = Ug, s = 1, . . . ,k. □ 

Consider the Z^o-grading of the vector space Wm, introduced in Lemma [2^21 Let be 
the homogeneous component of Wm of degree j and = (Br^jW^- Since the g[;\r[t]-module 
Wm is graded and Wm = Wm{b) as vector spaces, Wm{b) = W^ D W^ D . . . is a descending 
filtration of g[jv[i]-submodules. This filtration induces the structure of the associated graded 
0[^[t]-module on the vector space Wm which we denote by grWm{b). 

Lemma 2.5 ( |MTV6] ) . The Qij^[t]-module gi Wm{b) is isomorphic to the evaluation module 

The space ®s=iW^ns has a natural Z>Q-grading, induced by the gradings on the factors, and 
the associated descending Z^Q-filtration by the subspaces invariant with respect 

to the 0[^[t]-action on the module We denote by gr(®J^^W„^(6s)) the induced 

structure of the associated graded g[^[t]-module on the space ®^=i^ns- 

Lemma 2.6. The glj^[t]-modules gT(^®^^j^Wn^{bs)) and ®s=igTWn^{bs) are canonically iso- 
morphic. □ 

2.4. Remark on representations of symmetric group. Let Sn be the group of per- 
mutations of n elements. We denote by C[5'„] the regular representation of Sn- Given an 
S'n-module M we denote by the subspace of all S'„-invariant vectors in M. 

Lemma 2.7. Let U be a finite-dimensional Sn-module. Then dim(f/ C?) C[S'„])'^ = dimf/. 

□ 

The group Sn acts on the algebra C[2;i, . . . , 2;„] by permuting the variables. Let crs(z), 
s = 1, . . . , n, be the s-th elementary symmetric polynomial in Zi, . . . ,Zn- The algebra of 
symmetric polynomials C[zi, . . . , Zn]^ is a free polynomial algebra with generators ai{z), . . . , 
(Tn{z). It is well-known that the algebra C[zi,...,z„] is a free C[2i, 2„] '^-module of 
rank n!, see [M] . 

Given a = (ai, . . . , a„) G C", denote by C C[zi, . . . , Zn] the ideal generated by the 
polynomials as{z) — Og, s = 1, . . . ,n. The ideal is 5'„-invariant. 

Lemma 2.8. For any a G C", the Sn-representation C[zi, . . . ,Zn]/La is isomorphic to the 
regular representation C[Sn]- □ 
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2.5. The g[^[t]-module V"^. Let V be the space of polynomials in zi, . . . , Zn with coefficients 
in V®"^- 

V = V®"®cC[zi,...,^J. 

The space V^®" is embedded in V as the subspace of constant polynomials. 

Abusing notation, for any v G V^®" and p{zi,...,Zn) G C[zi, . . . , Zn], we will write 
p{zi, . . . , Zn) V instead of f p{zi, . . . , 

We make the symmetric group Sn act on V by permuting the factors of V®^ and the 
variables zi, . . . ,Zn simultaneously, 

We denote by V"^ the subspace of S'„-invariants in V. 

Lemma 2.9 ( |MTV6j ). The space is a free C[zi, . . . , Zn]^ -module of rank N^. □ 
We consider the space V as a g[;vM"^odule with the series g{u), g E qIn, acting by 

n 

f 1 ® ■ • ■ (S) gvg (g) • • ■ ® f „ 



(2.4) g{u) {p{zi, . . . , Zn) Vi ■ ■ ■ IS) Vn) = p{zi, ...,Zn) ^ 



1 " 

3=1 



Lemma 2.10 f |MTV6] ). The image of the subalgebra f/(3Ar[t]) C U{Qij^[t]) m End(V) co- 
incides with the algebra of operators of multiplication by elements o/ C[zi, . . . , z^]*^. □ 

The g[^[t]-action on V commutes with the ^n-action. Hence, V"^ is a 0[jv[i]-submodule of 

V. 

Consider the grading on C[zi, . . . , Zn\ such that deg = 1 for alH = 1, . . . , ra. We define a 
grading on V by setting deg(f ®p) = degp for any v G V®'^ and any p G £.[zi, . . . , z.n\. The 
grading on V induces a natural grading on End (V) . 

Lemma 2.11 f jMTVGj ). The Qlj^[t]-modules V and are graded. □ 

The following lemma is contained in pC], see also |MTV6j . 

Lemma 2.12. The Q{^\t\-module is cyclic with a cyclic vector v®^. □ 

Lemma 2.13. For any partition X of n with at most N parts, the graded character of the 
space (V'^)a is given by 

^ 1 

(2-5) ch(vs)jg) = \{j-^ 

7=1 ^1)^^ 

where {q)a = nj=i(l - Q^) ■ 

Proof. A basis of (V'^)a is given by the ^n-orbits of the V^^-valued polynomials of the form 

...,zn) M®^^ ® ie2iv+)®^' ® • ■ ■ ® (e^it;+)^"- , 

where p{zi, . . . polynomial symmetric with respect to the ffist Ai variables, symmet- 

ric with respect to the next A2 variables, and so on and finally symmetric with respect to 
the last Xn variables. Clearly the graded character of the space of such polynomials is given 
by formula (12.51) . □ 
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2.6. Weyl modules as quotients of V"^. Let a = (ai,...,a„) G C" be a sequence of 
complex numbers and la C C[zi, . . . ,Zn] the ideal, defined in Section [231 Define 

(2.6) = laV . 

Clearly, is a g[^[t]-submodule of V"^. 

Introduce distinct complex numbers bi, . . . ,bk and natural numbers ni, . . . , by the re- 
lation 

k n 

(2.7) Hiu- = u^+ $^(-l)^a,«"-^'. 

s=l j=l 

Clearly ^iLi = n. 

Lemma 2.14 ( jMTV6] ) . The glj^[t]-modules V^/I^ and (8)J^ilV„^(6s) are isomorphic. □ 

3. BETHE ALGEBRA 

3.1. Universal differential operator. Let K = [Ki, . . . , Kjy) be a seguence of distinct 
complex numbers. Let d be the operator of differentiation in a variable u. Define the 
universal differential operator by 



= rdet 



(d-Ki-eii{u) -621 (u) ••• -eNi{u) \ 

-ei2{u) d-K2-e22{u) ... -eN2{u) 

\ -eiN{u) -e2N{u) ... d - Kn - eNN{u)) 



It is a differential operator in the variable m, whose coefficients are formal power series in 
with coefficients in [/(0[jv[t]), 

N 

(3.1) = d"" + ^Bi{u)d''-\ 

i=l 

where 



ij u 



(3.2) Bi{u) = Y.B 

j=0 

and e U{Qij^[t]) for i = l,...,N, j ^ 0. 
Lemma 3.1. We have 

N 

(3.3) B,{u) = -J2{K. + e,,{u)) 

i=l 

and 

N N 

(3.4) ^i?.o«^-^ = l[{a-K,), 

1=0 i=l 

where a is a variable and Bqq = 1. □ 

Lemma 3.2. The element B^ G U{glj^[t]) i = 1, . . . , N , j ^ 1, is a sum of homogeneous 
elements of degrees j — — 2,..., max (j — i,0) . 
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Proof. It is straightforward to see that the series Bi{u) — o^i{Ki, . . . ,Kiy), where (Tj is the 
z-th elementary symmetric polynomial, is a sum of homogeneous series of degrees — 1, . . . , — i. 
The lemma follows. □ 

We call the unital subalgebra of U{Qlj^[t]) generated by Bij, with i = 1, . . . , N, j ^ 0, the 
Bethe algebra and denote it by B. 

Theorem 3.3 ( [CT] . |MTVlj ). The algebra B is commutative. The algebra B commutes 
with the subalgebra f/(f)) C U{glj^[t]). □ 

3.2. ;B-modules. Let A = (A*'"'^'*, . . . , A'-'"^) be a sequence of partitions with at most parts 
and bi, . . . ,bk distinct complex numbers. 

Let Ai{u), . . . ,An{u) be the Laurent series in u^^ obtained by projecting coefficients of 
the series Bi{u) nLi(^ " ^sY to End ((8)J=iL;^(s) (6,)) . 

The next lemma was proved in |MTV2] . 

Lemma 3.4. The series Ai{u), . . . , An{u) are polynomials in u. Moreover, the operators 
Ai{bs), i = 1, . . . , N , s = 1, . . . , k, are proportional to the identity operator, and 

N N-i-1 N 

J2Mbs) H (a-j) = l[{a-Xi'^ -N + l), s = l,...,k, 

i=0 j=0 1=1 

where a is a variable and Ao{u) = 1. 

Proof. Consider the homomorphism t/(0[jY[t]) {U{qIj^))'^'', 



3.5 g{u) ^ > ^- , gegl 

^ — ^ M — " 



Let Ai{u), i = 1, . . . ,N, be the Laurent series in obtained by projecting coefficients of 
the series Bi{u) Y[l=ii''^ ~ ^sY to iU{glj^))^'' . The series Ai(u), . . . , A^^u) are polynomials 
in u, and by a straightforward calculation 

N N~i-1 

J^Mbs) Yl [a-j) = l^^'-''>®Z{a-N + l)®l^^''-'\ s = l,...,k, 

i=0 j=0 

where Aq{u) = 1. The lemma follows from Theorem 12.11 and formula (12.31) . □ 

Let Ci{u), i = 1, . . . , N, he the Laurent series in obtained by projecting coefficients 
of the series Bi{u) Yn=ii'^ ~ ^s) to End(V'^). 

Lemma 3.5. The series Ci{u), . . . , Cn{u) are polynomials in u. 

Proof. The statement is a corollary of Theorem 2.1 in |MTV3j . □ 

Set Us = IA'-'^^I, s = l,...,k. Let Ci{u), i = 1, . . . , N, be the Laurent series in 
obtained by projecting coefficients of the series Bi{u) ns=i('" ~ to End (^<S)s=iWn^{bs)) . 

Corollary 3.6. The series C'i('u), . . . , Cn{u) are polynomials in u. 

Proof. The claim follows from Lemmas 12.141 and 13. 5[ □ 



SPACES OF QUASI-EXPONENTIALS AND REPRESENTATIONS OF 9 

Corollary 3.7. The products Ai{u) Y[^=ii'^ ~ ^s)"°~*; i = I, ■ ■ ■ , k, are polynomials in u. 

Proof. The claim follows from Lemma 12.41 and Corollary 13. 6[ □ 

Let M be a g[jv[^] -module. As a subalgebra of U{Q[^[t]), the algebra B acts on M. If 
C M is a i3-invariant subspace, then we call the image of B in End {H) the Bethe algebra 
associated with H. Since B commutes with U{i)), it preserves the weight subspaces (M)a. 
In what follows we study the action of the Bethe algebra B on the following i3-modules: 



(V' 



4. Spaces of quasi-exponentials and Wronski map 



4.1. Spaces of quasi-exponentials. Let K = [Ki, . . . , K]sr) be a sequence of distinct 
complex numbers. Let A be a partition of n with at most parts. Let Qx be the affine 



n-dimensional space with coordinates /, 



l,...,iV, J 



1, . . . , Aj. 



AT. 



Introduce 

(4.1) f,{u) = e^»" iu'' + Uu'^-' + • ■ ■ + /a,; 

We identify points X G Qx with A^-dimensional complex vector spaces generated by quasi- 
exponentials 

(4.2) f,{u,X) = e""'- {u^^ + fa{Xy^-' + ■ ■ ■ + fixAX)) , ^ = 1,...,N. 

Denote by Ox the algebra of regular functions on Qx- It is the polynomial algebra in the 
variables fij. Define a grading on Ox such that the degree of the generator fij equals j for 
all (ij). 

Lemma 4.1. The graded character of Ox is given by the formula 

N 



(^)a^ 



□ 



4.2. Another realization of Ox- For arbitrary functions gi{u), . . . , g]\i{u), introduce the 
Wronskian by the formula 



WT{gi{u), ...,gNiu)) = det 



/ gi{u) g[{u) 
92{u) g'2{u) 



Let fi{u), z = 1, . . 
(4.3) Wr(/i(M) 



\gN[u) g'^[u) ... g'^ '[u)J 
N, be the generating functions given by (14. ip . We have 

n 

...,/;v(u)) = e^-^'" n iK,-K,) {u^ + Y,i-^r^s 



u 



s=l 



where Ei, . . . , En are elements of Ox- Define the differential operator by 

ff.iu) f[{u) ... f[''\u)\ 
f,{u) f^{u) ... f!i'\u) 



(4.4) 



V 



o 



1 



Wr(A(w),...,/^(M)) 



rdet 



V 1 



d 
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It is a differential operator in the variable m, whose coefficients are formal power series in 
with coefficients in Ox, 



N 

N-i 



(4.5) = + ^ 

i=l 

where 



(4.6) F,{u) = Y,F,, 

j=0 

and Fij eOx, t = l,...,N, J ^0. 

Define the characteristic polynomial of the operator T>^ at infinity by 

N 

(4.7) X(«) = $^i^.o«^-% 

i=0 

where a is a variable and Fqo = 1. 

Lemma 4.2. We have jv 

i=l 

N N N 

Y^F^.a""-' = 5^ A, n(«-^.)- 

i=l i=l j=l 

Proof. We have V^fi{u) = for alH = 1, . . . , A^. Taking the coefficient of u^* of the series 
e~^^'^V^fi{u), we get xi^i) = O5 fo^' ^ill « = l,...,iV. This implies the first equality. 
The second equality follows similarly from considering the coefficient of of the series 

Lemma 4.3. The functions Fij G 0\, i = 1, . . . , N , j 0, generate the algebra 0\. 
Proof. The coefficient of u^^~^~^^ of the series e~^^^T>^fi{u) has the form 

N N , 1 j-1 3 j-r+l X 

(4.8) - ] f^j Yl ~ ^3) + 5Z ( 5Z 5Z ^^jlrsFlrfis + C.jirsFirfis j , 

j=l 1=1 ^ r=0 s=0 r=2 s=0 ' 

where Cijirs are some numbers. Since V^fi{u) = 0, we can express recursively the elements 
fij via the elements Fir starting with j = 1 and then increasing the second index j. □ 

4.3. Probenius algebras, cf. |MTV6] . In this section, we recall some simple facts from 
commutative algebra. The word algebra will stand for an associative unital algebra over C. 

Let A be a commutative algebra. The algebra A considered as an A-module is called the 
regular representation of A. The dual space A* is naturally an A-module, which is called 
the coregular representation. 

Clearly, the image of A in End (A) for the regular representation is a maximal commutative 
subalgebra. If A is finite-dimensional, then the image of A in End (A*) for the coregular 
representation is a maximal commutative subalgebra as well. 
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If M is an A-module and f G M is an eigenvector of the A-action on M with eigenvalue 
C,v £ A*, that is, av = ^^,(0)1; for any a & A, then is a character of A, that is, C,v{0'b) = 

If an element v ^ A* is an eigenvector of the coregular action of A, then v is proportional 
to the character Moreover, each character ^ G A* is an eigenvector of the coregular action 
of A and the corresponding eigenvalue equals ^. 

A nonzero element ^ G A* is proportional to a character if and only if ker^ C A is an 
ideal. Clearly, A/ker^ ~ C. On the other hand, if m C A is an ideal such that A/m ~ C, 
then m is a maximal proper ideal and m = ker^ for some character (. 

A commutative algebra A is called local if it has a unique ideal m such that A/m ~ C. In 
other words, a commutative algebra A is local if it has a unique character. It is easy to see 
that any proper ideal of the local algebra A is contained in the ideal m. 

It is known that any finite-dimensional commutative algebra A is isomorphic to a direct 
sum of local algebras, and the local summands are in bijection with characters of A. 

Let A be a commutative algebra. A bilinear form { ,) : A ^ A C is called invariant if 
{ab, c) = (a, be) for all a,b,c E A. 

A finite-dimensional commutative algebra A which admits an invariant nondegenerate 
symmetric bilinear form ( , ) : A® A —>■ C is called a Frobenius algebra. It is easy to see that 
distinct local summands of a Frobenius algebra are orthogonal. 

The following properties of Frobenius algebras will be useful. 

Lemma 4.4 ( |MTV6j ) . A finite direct sum of Frobenius algebras is a Frobenius algebra. □ 

Let A be a Frobenius algebra. Let I C Abe a subspace. Denote by C A the orthogonal 
complement to /. Then dim J -|- dim J-*- = dim A, and the subspace I is an ideal if and only 
if is an ideal. 

Let Aq be a local Frobenius algebra with maximal ideal m C Aq. Then m-*" is a one-dimen- 
sional ideal. Let G m-*" be an element such that {l,m-^) = 1. 

Lemma 4.5 ( [MTV6j ). Any nonzero ideal I G Aq contains m^. □ 

For a subset I G A define its annihilator as Ann I = {a G A, \ al = 0}. The annihilator 
Ann / is an ideal. 

Lemma 4.6 ( [MTV6j ) . Let A be a Frobenius algebra and I G A an ideal. Then Ann J = J-*-. 
In particular, dim I + dim Ann / = dim A. □ 

For any ideal I G A, the regular action of A on itself induces an action of A// on Ann/. 

Lemma 4.7 (fMTVH]). The A/ 1 -module Ann I is isomorphic to the coregular representation 
ofA/L In particular, the image of A/ 1 m End (Ann/) is a maximal commutative subalgebra. 

□ 

Let Pi,...,Pm be polynomials in variables Xi,...,Xm- Denote by / the ideal in 
C[xi, ...,Xm] generated by Pi, ... , P^. 

Lemma 4.8 ( [ MTV6j ) . If the algebra C[xi, . . . ,Xm]/I is nonzero and finite- dimensional, 
then it is a Frobenius algebra. □ 
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The last lemma has the following generalization. Let Ct{xi, . . . ,Xm) be the algebra of 
rational functions in Xi, . . . ,Xm, regular at points of a subset T C C™. Denote by It the 
ideal in Ct{xi, . . . , Xm) generated by Pi, . . . , Pm- 

Lemma 4.9. Assume that the solution set to the system of equations 

Pii^Xi, • ■ • , x^) ■ ■ ■ P^i^Xi, . . . , XjYi) 

is finite and lies in T. Then the algebra Ct{xi, . . . ,Xm)/lT is a Frobenius algebra. □ 

4.4. Wronski map. Let X be a point of Qx. Define 

(4.9) Wixiu) = Wt{Mu,X),...,Mu,X)), 

where fi{u,X), . . . , fN{u,X) are given by (14. 2p . Define the Wronski map tt : fi^ ^ C" by 
X a= (ai, . . . ,a„) if 

n 

For a G C^, let a be the ideal in Ox generated by the elements Es — Os, s = 1, . . . ,n, 
where Ui, . . . , Sn are defined by (14.31) . The quotient algebra 

(4.10) Ox,a = Ox/lZa 

is the scheme-theoretic fiber of the Wronski map. We call it the algebra of functions on the 
preimage 7i^^{a). 

Lemma 4.10. 

(i) The algebra Ox.a is a finite- dimensional commutative associative unital algebra and 
dime Ox.a does not depend on a. 

(ii) The algebra Ox,a is a Frobenius algebra. 

Proof. The Wronski map is a polynomial map of finite degree, see Propositions 4.2 and 3.1 
in |MTV5j . This implies part (i) of the lemma and the fact that Ox,a is a direct sum of local 
algebras. The dimension of Ox,a is the degree of the Wronski map and the local summands 
correspond to the points of the set 7r~^(a). The algebra Ox,a is Frobenius by Lemma □ 

5. Intersection ^lA,\,b and algebra OA,\,b 

5.1. Intersection fiA,A,b- For b E C and a partition /j, oin with at most parts, denote by 
fl^{b) the variety of all spaces of quasi-exponentials X G Qx such that for every i = 1, . . . , N 
there exists a function g{u) G X with zero of order fii + N — i aX b. 

Let A = (A*-^^, . . . , A'-'^^) be a sequence of partitions with at most parts such that 
ELi I'^^'^I = ^- Denote = |A(')|. Let b = (6i, . . . , 6^) be a sequence of distinct complex 
numbers. 

Consider the intersection ^ 

(5.1) nA,x,b = fl n^,s,ibs). 

s=l 
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Given a space of quasi-exponentials X C Q\, denote by Vx the monic scalar differential 
operator of order N with kernel X. The operator Vx equals the operator V^, see f l4.4p . 
computed at X. 

Lemma 5.1. A space of quasi-exponentials X C Qx is a point of Q\^xb if and only if 
the singular points of the operator Vx are at bi, . . . ,bk and oo only, the singular points at 

(s) (s) 

hi, . . . ,bk are regular, and the exponents at bg, s = 1, . . . ,k, are equal to Aj^ , X)x_i + !,•••, 
X["^ + N-l. □ 

Lemma 5.2. Let b = [bi, . . . ,bk) , and n = [ni, . . . , Uk) be as at the beginning of this section. 
Let the numbers a = (oi, . . . , a„) be related to b and n as in (12.71) . Then Q\ x,b C TT^^{a). 
In particular, the set Q\ x,b 'is finite. □ 

Let Qx be the field of fractions of Ox, and Qa,a,6 C Qx the subring of elements regular 
at all points of ^lA,\.b- 

Consider the N x N matrices Mi, . . . , with entries in Ox, 

1 d\>^\'''+N-j 



(A'"' + jv-j)! vvrfi,; 



u=bs 



The values of Mi, . . . , M^ at any point of ^A.b are matrices invertible over C. Therefore, the 
inverse matrices Mf^, . . . , M^^ exist as matrices with entries in QA,x,b- 

Introduce the elements gijs G QA,x,b, i = I, . . . ,N, j = 0, . . . ,di, s = 1, . . . ,k,hj the rule 

di N 
(5.2) J2 9^JS {U - bsY = fm{u) . 

j=Q m=l 

Clearly, g.^^(.)^^_j^^ = Sij for alH, j = 1, . . . , A^, and s = 1, . . . , k. 

For each s = 1, . . . ,k, let J^'x b the ideal in Qa,a,6 generated by the elements g^js, 
i = l,...,N, j = 0, . . . , ^ + - z - 1, and J^^^^ = X;J=i ^f.lb- Note that the number 
of generators of the ideal J'^xb equals n. 

The quotient algebra 
(5-3) Oa,a,6 = QA,X,b/Jtx,b 

is the scheme-theoretic intersection of varieties s = 1, . . . , fc. We call it the algebra of 

functions on O.A,\,b ■ 

Lemma 5.3. The algebra ^A.x,b is a Frobenius algebra. 

Proof. The claim follows from Lemma I4.9[ □ 

It is known from Schubert calculus that 
(5.4) dimOA,A,b = dim{®';^^L^is))x, 

see |MTV8[ Lemma 3.6 and Proposition 3.7]. 
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5.2. Algebra (9a,a,& as a quotient of Ox. Consider tlie differential operator 

/Mu) f[{u) ... 



(5.5) V'^ = rdet 



V 1 9 ... 9^ / 

It is a differential operator in the variable u whose coefficients are polynomials in u with 
coefficients in Ox, 

(5.6) V^=Y,G,{u)d''-\ 

1=0 

Clearly, Gi{u) = for i > n, and degCj ^ n, otherwise. We also have 

Go{u) = Wr(/i(n),...,/^(M)), 

G,{u) = WT{fi{u),...,Mu))Fi{u), z = l,...,N, 
Introduce the elements Gijs G Ox , i = 0, . . . ,N, j = 0, . . . ,n — i, s = 1, . . . ,k,hj the rule 

n 

(5.7) G,(1X) = J2G^Js{u-bsy . 

j=0 

Define the indicial polynomial xf{<^) bg by the formula 

N N~i-1 

xf(«) = ^Gi,ns~i,s n ("-^')- 

i=0 j=0 

It is a polynomial of degree in the variable a with coefficients in Ox- 

Lemma 5.4. For a complex number r, the element x^(r) is invertible in Qa,a,6 provided 
r ^ Xf + N-J for all ] = !,..., N. 

Proof. An element of Qa,a,6 is invertible if and only if its value at any point of ^A.b is 
nonzero. Now the claim follows from Lemmas 15.11 and 15. 2[ □ 



For each s = 1, . . . ,k, let /^'^ ^ be the ideal in QA,x,b generated by the elements G 
i = 0, . . . , N, ^ j < Ug — i, and the coefficients of the polynomials 

k N 

(5.8) x?(«) - n(^^-^-)"^ l[{a-X\'^ -N + l), s = l,...,k. 



r=l 



Denote Jf , , = ELi ^.^'^ 



A,A f> ■ 



Lemma 5.5 (Lemma 5.5 in |MTV6j ). For any s = l,...,k, the ideals /a a 6 '^'^'^ "^a a 6 
coincide. □ 

Let /a A 6 t)e the ideal in Ox generated by the elements Gijg, i = 0, . . . , N, s = 1, . . . , k, 
^ j < Us — i, and the coefficients of polynomials (15.81) . 

Proposition 5.6. The algebra CA,A,b is isomorphic to the quotient algebra Ox/I\xb- 
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Proof. By Lemma [575| the ideals /^Ab J^xb coincide, so the algebra Oa,a,5 is iso- 
morphic to the quotient algebra QA,\,b/ Ix,\,b- Lemma ISTTl the algebraic set defined by 
the ideal /a,a,5 equals VL^ b . The set VL^ ^ is finite by Lemma 15.21 Therefore, the quotient 
algebras QA,\,b/ Ia \ b ^a/-^aa5 isomorphic. □ 

5.3. Algebra (9a,a,5 as a quotient of Ox^a- Recall that Ox,a = ^x/^x a the algebra of 
functions on 7r~^(a), see (14.101) . For an element F G Ox, we denote by F the projection of 
F to the quotient algebra Ox,a- 

Define the indicial polynomial x^{ol) at hs by the formula 

TV N-i-l 

Let /a A b be the ideal in Ox^a generated by the elements G^s, i = 1, . . . , A^, s = 1, . . . , fc, 
^ j < ns — i, and the coefficients of the polynomials 

k N 

r=l 1=1 
r^s 

Proposition 5.7. The algebra 0a, a, 5 is isomorphic to the quotient algebra Ox^a/I^xb- 

Proof. It is easy to see that the elements Gojs) 3 = 0, . . . , — 1, s = 1, . . . ,k, generate the 
ideal in Ox- Moreover, the projection of the ideal I^x b ^x to Ox,a equals I^x b- 
Hence, the claim follows from Proposition 15.61 □ 

Recall that the ideal Ann(/^_^ j,) C Ox,a is naturally an (9a, a, b- module. 

Corollary 5.8. The O A,x,b-i^odule Ann(/^_^ j,) is isomorphic to the coregular representation 
of OA,x,b on the dual space ((9a, a, b)*- 

Proof. The statement follows from Lemmas 15.31 and 14.71 □ 

6. Three isomorphisms 

6.1. Auxiliary lemma. Let A be a partition of n with at most A^ parts. Recall that given a 
space of quasi-exponentials X G Qx, we denote by Vx the monic scalar differential operator 
of order A^ with kernel X. 

Let M be a g[;v[t]-module M and v an eigenvector of the Bethe algebra B C U{Qlisf[t]) 
acting on M. Then for any coefficient Bi{u) of the universal differential operator "D^ we 
have Bi{u)v = hi{u)v, where hi{u) is a scalar series. We call the scalar differential operator 

N 

(6.1) = 9^+ ^/i,(m)9^-* 

1=1 

the differential operator associated with v. 

We consider with the symmetric group Sn action defined by permutation of coordinates. 

Lemma 6.1. There exist a Zariski open Sn-invariant subset O o/ C" and a Zariski open 
subset S of VLx wi^h the following properties. 
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(i) For any {pi, . . . ,bn) € O, there exists a basis of [®^^iV{bs)) ^ such that every basis 
vector V is an eigenvector of the Bethe algebra and T>^ = T>x for some X G S. 
Moreover, different basis vectors correspond to different points of H. 

(ii) For any X EE , if bi, . . . ,bn are all roots of the Wronskian Wtx, then (61, . . . , 6„) G 
0, and there exists a unique up to proportionality vector v G ((8>"=iV^(6s))_^ such that 
V is an eigenvector of the Bethe algebra with T>^ = T>x- 

Proof. The basis in part (i) is constructed by the Bethe ansatz method as in Section 10 of 
|MTV4] . The equahty = Vx is proved in [MTVl] . The existence of an eigenvector v in 
part (ii) for generic X C fi^, is proved as in Section 10 of |MTV4] . □ 

Corollary 6.2. The degree of the Wronski map equals dim{V'^'^)x. □ 

6.2. Isomorphism of algebras Ox and B\. Consider the B-module (V'^)a- Denote (V'^)a 
by A^A and the Bethe algebra associated with (V'^)a by Bx. 
Consider the map 

Tx-.Ox^Bx, Fi, ^ Bi, , 

where the elements Fij G Ox are defined by (14. 6p and Bij G Bx are the images of the elements 
Bij G B, defined by (1^21) . 

Theorem 6.3. The map tx is a well-defined isomorphism of algebras. 

Proof. Let a polynomial R{Fij) in generators Fij be equal to zero in Ox- Let us prove that the 
corresponding polynomial R{Bij) is equal to zero in the Bx- Indeed, R{Bij) is a polynomial 
in zi, . . . , Zn with values in End ((V^®")a)- Let 9 be the set, introduced in Lemma [6TT1 and 
(61, . . . , 6^) G 0. Then by part (i) of Lemma 16.11 the value of the polynomial R{Bij) at 
zi = bi, . . . , Zn = bn equals zero. Hence, the polynomial R{Bij) equals zero identically and 
the map tx is well-defined. 

Let a polynomial R{Fij) in generators F^j be a nonzero element of Ox- Then the value of 
R{Fij) at a generic point X G Qxi'^) is not equal to zero. Then by part (ii) of Lemma WT\ 
the polynomial R{Bij) is not identically equal to zero. Therefore, the map tx is injective. 

Since the elements I3ij generate the algebra Bx , the map tx is surjective. □ 

The algebra C[zi, . . . , Zn]^ is embedded into the algebra Bx as the subalgebra of opera- 
tors of multiplication by symmetric polynomials, see Lemmas 12.101 and formula (13. 4p . The 
algebra C[zi, . . . , Zn]^ is embedded into the algebra Ox, the elementary symmetric polyno- 
mials cri(z), . . . , cr„,(z) being mapped to the elements Si, ... , Sn, defined by (14.31) . These 
embeddings give the algebras Bx and Ox the structure of C[zi, . . . , z„] "^-modules. 

Lemma 6.4. The map tx : Ox Bx is an isomorphism of C[zi, . . . , Zn]^-modules, that is, 
Tx{Si) = ai{z) for all i = 1,. . .,n. 

Proof. The claim follows from the fact that 

P, , Wr'(/i(-«),.... /„(«)) 
= -%(/,(.),.... /„(..)) • 

where ' denotes the derivative with respect to u, and from formula (13. 3p . □ 
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Lemma 6.5. For any homogeneous element F G Ox, the degrees of homogeneous compo- 
nents of Tx{F) G Bx do not exceed degF. 

Proof. It suffices to prove the claim for the generators fij G Ox- In that case, the statement 
follows from formula (14. 8p and Lemma 13.21 by induction with respect to j, starting from 
J = 1. □ 

Given a vector v E Aix, consider a linear map 

^i,:Ox^Mx, F^Tx{F)v. 

Lemma 6.6. If v E A4x is nonzero, then the map /i„ is injective. 



Proof. The algebra Ox is a free polynomial algebra containing the subalgebra C[zi, . . . , Zn]^ . 
By part (i) of Lemma r4.10[ the quotient algebra Ox/^lzi, ... ,Zn]^ is finite-dimensional. The 
kernel of /x^, is an ideal in Bx which has zero intersection with C[zi, . . . , Zn]^ and, therefore, 
is the zero ideal. □ 

The graded character of Vf is given by formual (12.51) . Fix a nonzero vector f G V£ of 
degree 0. Such a vector is unique up to multiplication by a nonzero number. Then the map 
/i„ will be denoted by /iA. 

Theorem 6.7. The map fix '■ Ox —>■ -Mx is a vector isomorphism. This isomorphism 
preserves the degree of elements. The maps tx and fix intertwine the action of multiplication 
operators on Ox and the action of the Bethe algebra Bx on J^x, that is, for any F,G E Ox, 
we have 

(6.3) fix{FG) = rx{F)fix{G). 

In other words, the maps tx and fix give an isomorphism of the regular representation of 
Ox and the Bx-module Aix- 

Proof. The map fix is injective by Lemma [6.61 The map fix does not increase the degree by 
Lemma [6.51 The graded characters of Ox and Aix are the same by Lemmas 14.11 and 12.131 
Hence, the map fix is surjective. Formula (16. 3p follows from Theorem 16.31 □ 

6.3. Isomorphism of algebras Ox,a cind Bx,a- Let a = (ai,...,a7v) be a sequence of 
complex numbers. Let distinct complex numbers bi, . . . ,bk and integers ni, . . . , be given 
by (I22D. 

Let I^ ^ C Bx be the ideal generated by the elements cri{z) — ai,i = l,...,n. Consider the 
subspace = /f ^A^a, where is given by (12.61) . Recall that the ideal is defined in 
Section |01 ' 

Lemma 6.8. We have 

rxilZa) = Ila , /^A(/r,a) = Ix,a , ^A,a = Bx/ ll^ , Mx,a = Mx/I^a ■ 

Proof. The lemma follows from Theorems 16. 3[ 16.71 and Lemmas 16.41 12.141 □ 



By Lemma [6T8l the maps tx and fix induce the maps 

(6.4) rx,a ■■ Ox,a ^ Bx,a , fiX,a : Ox^a ^ Mx,a ■ 
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Theorem 6.9. The map Tx^a is an isomorphism of algebras. The map jj\^a is an isomor- 
phism of vector spaces. The maps a and /^A.a intertwine the action of multiplication opera- 
tors on 0\^a and the action of the Bethe algebra B\^a on M.x^a, that is, for any F,G & Ox,a, 
we have 

lixAFG) = TxAF)lixAG)- 

In other words, the maps Tx.a and ^x,a give an isomorphism of the regular representation 
of Ox,a and the Bx,a-i^odule M.x,a- 

Proof. The theorem foUows from Theorems 16.31 16.71 and Lemma 16.81 □ 

Remark. By Lemma [4.1Ul the algebra Ox,a is Frobenius. Therefore, its regular and coreg- 
ular representations are isomorphic. 

6.4. Isomorphism of algebras Oj^ x,b and Bj^ x,b- Let A = (A*^^'', . . . , A^*^'') be a sequence 
of partitions with at most parts such that lA*-**-*! = Us for all s = 1, . . . , A;. 

Consider the i3-module (®s=i-^a(=) (^s))a- Denote {®^a=iLy^{s){hs))x by M.K,\b and the 
Bethe algebra associated with {®^g^^L-^[a){hs))x by Bx x,b- 

We begin with an observation. Let A be an associative unital algebra, and let L, M be 
y4-modules such that L is isomorphic to a subquotient of M. Denote hy Al and Am the 
images of A in End(L) and End(M), respectively, and by tt/, : A — > Al, ttm : A — > Am 
the corresponding epimorphisms. Then, there exists a unique epimorphism timl '■ Am —>■ Al 
such that TiL = ttml ° t^m- 

Applying this observation to the Bethe algebra B and fi-modules Aix , ■M.x,a , -^A,A,b , 
we get a chain of epimorphisms B ^ Bx Bx,a Bx x,b- In particular, each module over 
a smaller Bethe algebra is naturally a module over a bigger Bethe algebra. 

For any element F G Bx, we denote by F the projection of F to the algebra Bx,a- 
Let Ci(m), . . . , C7v(m) be the polynomials with coefficients in Bx , defined in Lemma 13.51 
Introduce the elements Cijs G i^A for i = 1, . . . , iV, j = 0, . . . , n, s = 1, . . . , fc, by the rule 

n 
j=0 

In addition, let Cojs , j = 0, . . . ,n, s = 1, . . . , k, he the numbers such that 

n k 

^ Cojs {u - b,y = n - ^-)"'' • 

j=0 r=l 

Define the indicial polynomial xf (o^) by the formula 

i=0 j=0 

It is a polynomial of degree N in the variable a with coefficients in Bx,a- 
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Let /a A b tie the ideal in Bx,a generated by the elements Cijs, i = I, . . . , N, s = 1, . . . , k, 
^ j < Us — i, and the coefficients of the polynomials 

k N 

(6.5) xf(«) - n(^^-^'^ Hia-Xl'^ -N + l), s = l,...,k. 

r=l 1=1 

Lemma 6.10. The ideal I^xb belongs to the kernel of the projection Bx,a B\^x.b ■ 
Proof. The statement follows from Lemma 13.41 and Corollary 13.71 □ 
Hence, the projection Bx,a Bx,x,b descends to an epimorphism 

(6-6) 7rA,A,b : ^\,a/ ll^x,b ^ -^A.A.b, 

which makes A^a,a,6 into a Bx,a/I\ x b-module. 

Denote ker (/^ a b) = {"^ ^ ■M.x,a I -^a a 6^ = } • Clearly, ker (/^ _^ j,) is a SA,a-sub module 

0fA^A,a- 

Proposition 6.11. The Bx,a/ \ b'''^^^'^^^^ ^^^i^AXb) ^'^'^ -^A.A.b ^''^^ isomorphic. 
The proposition is proved in Section 16. 5[ 

Let I^xb'^ Ox,a be the ideal defined in Section [5731 Clearly, the map Tx,a '■ Ox,a Bx,a 
sends I^x,b to I\^x,b- ^y Lemma 15771 the maps Tx,a and 7rA,A,b induce the homomorphism 

''"A,A,5 : C^A,A,b Bx,X,b- 

By Theorem [6791 the map ^ix,a ■ Ox.a Mx,a sends k\m{I^ ■^ ^^) C Ox,a to ker(/| ;^ j,). 
The vector spaces Ann(/^_^ j,) and (Oa,a,6)* are isomorphic by Corollary 15.81 Hence, Propo- 
sition [67TT] yields that the map ^x,a induces a bijective linear map 

fJ'A,X,b '■ {0\^x,b)* ■MA,X,b- 

For any F G Oa,a,6, denote by F* G End [{OA,x,b)*) the operator, dual to the operator of 
multiphcation by F on OA,A,b- 

Theorem 6.12. The map TA,x,b is an isomorphism of algebras. The maps ta,a,6 o.'nd fiA.x,b 
intertwine the action of the operators on {OA,x,b)* , dual to the multiplication operators on 
C^A,x,b, and the action of the Bethe algebra BA,x,b on J^A,x,b, that is, for any F G Ox,a and 
G G {OA,x,b) , we have 

fJ'A,X,b{F*G) = TA,X,b{F) l2A,X,b{G) . 

In other words, the maps ta,a,6 and fJ^A,x,b give an isomorphism of the coregular represen- 
tation of OA,x,b on the dual space {OA,x,b)* and the BA,x,b-module M.A,x,b- 

Proof. By Lemma [5.71 the isomorphism Tx,a '■ Ox,a Bx,a induces the isomorphism 

TA,A,b : C^A,A,b ^ ^A,a/-^A,A,6 • 

SO the maps Tj^^x,b and fix^a give an isomorphism of the OA,x,b-^odule Ann(/^_^ j,) and the 

^x,a/ lA,x,b'^'^^^^^ i^A,x,b)y ^Gc Theorem 16.91 

By Lemma [4.7[ the 0A,A,b-niodule Ann(J^_^(,) is isomorphic to the coregular represen- 
tation of Oa,a,6 on the dual space (Ca,a,5)*- In particular, it is faithful. Therefore, the 
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-^A.aZ-^A A b'^O'i^l^ ^^^(-^AAb) faithful. By Proposition 16.111 the ^-module 
Mxxb, isomorphic to ker(/^_^ (,), is faithful too, which implies that the map 7rA,A,6 : 
^x,a/ lA,\,b ~^ ^A,x,b IS an isomorphism of algebras. The theorem follows. □ 

Remark. By Lemma 15.31 the algebra OA,\,b is Frobenius. Therefore, its coregular and 
regular representations are isomorphic. 

6.5. Proof of Proposition [FTTTl We begin the proof with an elementary auxiliary lemma. 
Let M be a finite-dimensional vector space, U G M a. subspace, and E G End(M). 

Lemma 6.13. Let EM C U, and the restriction of E to U is invertible in End(f/). Then 
EU = U and M = U ® kerE. □ 

Let Wm be a Weyl module, see Section 12. 3[ and /x a partition with at most parts such 
that = m. Recall that Wm is a graded vector space, the grading of Wm is defined in 
Lemma 12.21 

Given a homogeneous vector w G (VFm)^"^, let C^i^b) be the g[jv[t]-submodule of Wm{b) 
generated by the vector v. The space Cw{b) is graded. Denote by C^{b) and C^ib) the 
subspaces of Cwib) spanned by homogeneous vectors of degree degw and of degree strictly 
greater than degty, respectively. The subspace C^{b) is a g[jv"Submodule of Cw{b) isomorphic 
to the irreducible gl^-module L^. The subspace C^{b) is a 0[^[t]-sub module of Cw{b), and 
the g[^[t]-module C^ip) / C^{b) is isomorphic to the evaluation module L^{b). If v has the 
largest degree possible for vectors in (W^m)^*"^, then C^{b), considered as a gl^-module, does 
not contain L^. 

For any s = 1, . . . ,k, pick up a homogeneous vector Wg G (W^nJ^*{"f of the largest possible 
degree. Let Cw{b) be the g[;v[t]-submodule of i^'^^iWn^^bs) generated by the vector <Sis=iWs. 
Denote by C^{b) and C^{b) the following subspaces of Cw{b): 

k 
s=l 

The subspace C^{b) is a 0[^[t]-submodule of C^ib), and the gl^[t]-module C^ip) / C^(b) is 
isomorphic to the tensor product of evaluation modules ®^g^iL-^{s){bs). 

The space ®^g—iWns has the second g[^[t]-module structure, denoted gr(®J_]^W^ns(^s))) 
which was introduced at the end of Section [2731 The subspace Cwib) is a gt^vftj-submodule 
of gr(®J=iPV„^(6s)) , isomorphic to a direct sum of irreducible g[^[t]-modules of the form 
®^g^iL^(s){bs)^ where l/i*-*-'! = n^, s = 1, . . . , /c, see Lemmas |2 . 5 1 and flM, and . . . , iaP^"*) ^ 
(A*-^\ . . . , A^*^^) for any term of the sum. 

The subspace M.\^a = {®s=i^nsi^s))x is invariant under the action of the Bethe algebra 
B C f/(0[^[t]). This makes it a i3-module, which we call the standard ;B-module structure 
on Adx^a- The S-module Ai\^a contains the submodules AiX x t — {C'wib))x and M-^ xb ~ 
(£^(6))x, and the subspace A^a,a b = {C^{b))x- As vector spaces, A^A,A,b = ■^A',x,b ® 
■M^ xb- The i3-modules Ai^x bf-^A xt ■MA,x,b are isomorphic. 

The space J^x,a has another S-module structure, inherited from the 0[^[t]-module struc- 
ture of gr(®s=iW^ns(^s))- We denote the new structure gicA4x,a- The subspaces M.A,x,b^ 
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-^AAb' -^AXb i3-submodules of the i3-module grAixa- The submodule M^'xb ^ 
grA^A,a is isomorphic to the S-module A^A,A,b, and the submodule A^^ Ab grA^A.a is 
isomorphic to a direct sum of i3-modules of the form M.M,\,b, where M = {fi.^^\ . . . , /x^'^)), 
l/x^*-*! = Hs, s = 1, . . . , /c, and M 7^ A for any term of the sum. 

In the picture described above, we can regard all i3-modules involved as i^A, a- modules. 

For any F G Bx a, we denote by grF G End(A^A,a) the linear operator corresponding to 
the action of F on gr AlA,a- The map F i— > grF is an algebra homomorphism. 
Let complex numbers Ci, . . . , c^, ai, . . . ,ak be such that 

fc TV JV 

^s{l[(^s - f^f^ - N + ^) - Hia, - X^^ - N + + 0, 

s=l 1=1 i=\ 

for any sequence of partitions (,x«,...,/x('^))^(A«,...,A('=)). Introduce 

k k N 

s=l r=l j=l 

where xf is the indicial polynomial ( 16. Sp . With respect to the standard S-module structure 
on Mx,a, we have FTW^A.b C ^^A.b- 

Lemma 6.14. T/ie restriction of E to A^a'a b invertible in End(A^^'^5). 

Proof. Lemma [6.101 implies that the projection of E to i3A,A,b equals zero, and the projection 
of E to BM,x,b with M 7^ A is invertible. This means that the restriction of the operator 
gi E to A^A Ab is invertible in End (A^^'^ 5). Therefore, the restriction of E to Al^ Ab 
invertible in End (A^ ^.A.b) • ^ 

Denote ker^A b^ — kerE' fl AIaa b- By Lemma [6.131 the canonical projection 

Al^A.b - Mlx,JM2l, ^ MA,x,b 

induces an isomorphism kei'^^^ f^E AiA,A,b of vector spaces. Since the algebra Bx a is 
commutative, the subspace kerA _;^ 5i? is a S-submodule, and the map ker^ ^j^^ii^ — > AiA,A,b 
is an isomorphism of iS^, a- modules. 

Lemma 16. 101 implies that elements of the ideal /a a b ^'^^ on AlA,A,b by zero. Hence, they 
act by zero on ker^ ^^ ^i?, that is, ker'^^ f^E C ker(/^ _^ . On the other hand, we have 

dimker(j| ;^ J = dim Ann(/^;^ 5) = dim CA,A,b = dim Al A,A,b = dim kerX",;,^ , 

see Theorem 16.91 Corollary 15.81 and formula (15. 4p . which yields kerA_;^^i? = ker (/^ j,) . 
Proposition 16.111 is proved. □ 

Remark. Note that formula (15.41) is the key ingredient of the proof. 
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7. Applications 

7.1. Action of the Bethe algebra in a tensor product of evaluation modules. In 

this section we summarize obtained results in a way independent from the main part of the 
paper. For convenience, we recall some definitions. 

Let K = {Ki, . . . jKj^) be a sequence of distinct complex numbers. The Bethe algebra 
;B is a commutative subalgebra of U{Ql^[t]), defined in Section 13.11 with the help of this 
sequence. It is generated by the elements Bij, i = 1, . . . , N, j E Z^j, given by formula (13. 2p . 
The Bethe algebra depends on the choice of K. In the remainder of the paper we will denote 
this algebra by Bk- 

If M is a i3x-niodule and C, '■ Bk C a homomorphism, then the eigenspace of the Bk- 
action on M corresponding to ^ is defined as flFeBic ker(F|M — ^{F)) and the generalized 
eigenspace of the ;Bj<:-action on M corresponding to ^ is defined as flFeBx ( Um=i ker(F|M — 

For a partition A with at most parts, let Lx be the irreducible finite-dimensional gt^- 
module of highest weight A. 

Let A*-^-*, . . . , A'-'^^ be partitions with at most parts, bi, . . . ,bk distinct complex numbers. 
We are interested in the action of the Bethe algebra Bk on the tensor product ®s=iL^(s) (bs) 
of evaluation -modules. 

Since Bk commutes with the subalgebra f/(f)) C U{Ql^[t]), the action of Bk preserves the 
weight subspaces of ®J=i-^a(=) (^s)- 

Denote A = (A*-^-*, . . . , A^'^-'). Given a partition A with at most parts such that |A| = 
"^g^i \^^^^\ , let Aj^ x b K monic differential operators of order A^, 

N 

(7.1) V = d"" +Y,hf{u)d''-\ 

i=l 

where d = d/du, with the following properties: 

a) The singular points of V are at 6i, . . . , 6^ and oo only. 

b) The exponents oiV at bg, s = 1, . . . , /c, are equal to -^tv-i + • • • i -|- A^— 1 . 

c) The kernel of V is generated by quasi-exponentials of the form 

giiu) = e^^" (m^' + gnu^'-' + ■■■ + gixj , i = l,...,N, 

where Qij are suitable complex numbers. 

A differential operator V belongs to the set Aj^ x,b,K if and only if the kernel of P is a 
point of the intersection flA,x,b , see Lemma 15. 1[ 

Denote = |A'''^-*| , s = 1, . . . , k, and n = J2s=i "^s ■ 

Theorem 7.1. The action of the Bethe algebra Bk on (6^) has the following 

properties. 

(i) For every i = 1,. . . ,N, the action of the series Bi{u) is given by the power series 
expansion in m""^ of a rational function of the form Ai{u) Y['l=i{u ~ where 
Ai{u) is a polynomial of degree n with coefficients in End((8>^^]^L_^(s)). 
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(ii) The image of Bk in End((S)^'^;^L_^{s)) is a maximal commutative subalgebra of dimen- 
sion dim . 

(iii) Each eigenspace of the action of Bk is one- dimensional. 

(iv) Each generalized eigenspace of the action of Bk is generated over Bk by one vector. 

(v) The eigenspaces of the action of Bk on ((8>^^;^L_^(s) (&s))a are in a one-to-one corre- 
spondence with differential operators from A\ x,b,K ■ Moreover, if T> is the differen- 
tial operator, corresponding to an eigenspace, then the coefficients of the series hf{u) 
are the eigenvalues of the action of the respective coefficients of the series Bi{u). 

(vi) The eigenspaces of the action of Bk on {®s=iL^(s){bs))x are in a one-to-one corre- 
spondence with points of the intersection 0,A,x,b, given by (15. ip . 

Proof. The first property follows from Corollary 13. 71 The other properties follow from The- 
orem [6lT2l Lemma [5. H and standard facts about the coregular representations of Frobenius 
algebras given in Section 14. 3[ □ 

Corollary 7.2. The following three statements are equivalent. 

(i) The action of the Bethe algebra Bk on {®^g^-^L^(s){bs))\ is diagonalizable. 

(ii) The set A/^ x,b,K consists of dim{®^^^L^(s))x distinct points. 

(iii) The set flA,\,b consists of dim{(^'^^^L^(s) )x distinct points. □ 

The intersection QA,x,b is transversal if the scheme-theoretic intersection 0\ x,b is a direct 
sum of one-dimensional algebras. 

Corollary 7.3. The action of the Bethe algebra Bk on {®'^^iL^{s){bs))x is diagonalizable, 
if and only the flA^x,b is transversal. 

Proof. The algebra Oa,a,6 is a direct sums of local algebras, each local summand corre- 
sponding to a point of the set flA,\,b ■ Therefore, the intersection QA,\,b is transversal if and 
only if the dimension of OA,\,b equals the cardinahty of flA,\b ■ Corollary 17.21 completes the 
proof. □ 

Corollary 7.4. Let Ki, . . . , be distinct real numbers. Let bi,...,bk be distinct real 
numbers. Then 

(i) The set AA,x,b,K consists of dim{^^^^L^{s))x distinct points; 

(ii) The intersection VlA,x,b consists of dim((8)J^]^L_^(s))A distinct points and is transver- 
sal. 

Proof. If i^Ti, . . . , K]sf are distinct real numbers and bi, . . . ,bk are distinct real numbers, then 
the action of the Bethe algebra Bk on (®J^^L_j^(s) (6s))a is diagonalizable, see [MTVl] . cf. 
[MTV2] . □ 

Results similar to Theorem 17.11 and Corollary 17.21 hold for the action of the Bethe algebra 
Bk on the 0[^[t]-module ®g^iWn^{bs), the Weyl module associated with n = (rii, . . . ,nk) 
and b = {bi, . . . ,bk), defined in Section [231 The action of Bk preserves the weight subspaces 
of ®^=iW„,(6,). 

Recall that V denotes the irreducible gl^-module of highest weight (1, 0, . . . , 0), which is 
the vector representation of gl^. 
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Denote by A„ 5 ^ the set of all monic differential operators T) of order with the following 
properties. 

a) The kernel of V is generated by quasi-exponentials of the form 

g..{u) = e^'" + gau^^-^ + ■■■ + gixj , i = l,...,N, 
where Xi + ■ ■ ■ + Xn = n and Qij are suitable complex numbers. 



b) The first coefficient hf(u) of V, see (17. ip . equals J2iLi + Yls=i {bs — 



u 



If I? G An b,K, then "D is a differential operator with singular points at 61, . . . , 6^ and 00 only. 

Denote by ^ln^b,K the set of all A^-dimensional spaces of quasi-exponentials with a basis 
of the form 



gi{u) = e^'" {u^^ + gnu^^-^ + ■■■ + gixj , i = l,...,N 



and such that 

k 

Wr(^7i(n),...,^7^(n)) = e^-^»" J] (Kj - K,)l[{u - bs^ . 

l^i<j^N s=l 

A differential operator V belongs to the set An^b K if and only if the kernel of V belongs to 
the set ftn,b,K- 

Theorem 7.5. The action of the Bethe algebra Bk on ®J=i^n.s(^s) has the following prop- 
erties. 

(i) For every i = 1,. . . ,N, the action of the series Bi{u) is given by the power series 
expansion in of a rational function of the form ^i('u) ris=i('^ ~ ^s) "% where 
Ai{u) is a polynomial of degree n with coefficients in End . 

(ii) The image of Bk in End is a maximal commutative subalgebra of dimen- 
sion dim V"®". 

(iii) Each eigenspace of the action of Bk is one- dimensional. 

(iv) Each generalized eigenspace of the action of Bk is generated over Bk by one vector. 

(v) The eigenspaces of the action of Bk on ®^=i^ris(^s) ore in a one-to-one correspon- 
dence with differential operators from An,b,K ■ Moreover, if T> is the differential 
operator, corresponding to an eigenspace, then the coefficients of the series hf{u) are 
the eigenvalues of the action of the respective coefficients of the series Bi{u). 

(vi) The eigenspaces of the action of Bk on ®'l^^WnXbs) in a one-to-one correspon- 
dence with spaces of polynomials from Wr~^jj. 

Proof. The first property follows from Lemmas 12. 141 and 13. 5[ The other properties follow from 
Theorem 16.91 formulae (14. 4p and (16. 2p . and standard facts about the regular representations 
of Frobenius algebras given in Section 14.31 □ 

Corollary 7.6. The following three statements are equivalent. 

(i) The action of the Bethe algebra Bk on ®^s=i^nsibs) is diagonalizable. 

(ii) The set AnM,K consists of dim distinct points. 

(ni) The set fln,b,K consists of dim V®"' distinct points. □ 
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8. Completeness of Bethe ansatz 

8.1. Generic points of Q\. Let Clx be the affine n + A^- dimensional space with coordi- 
nates gij, i = 1, . . . ,N, j = 1, . . . , Aj, and ki, . . . , kj^. We identify points Y E fix with 
A^- dimensional complex vector spaces generated by quasi-exponentials 

(8.1) g,iu,Y) = e''^^''^^-{u'^+g,,iY)u''-' + --- + g,,XY)), z = l,...,iV. 

Let Y G Qx be a point with distinct cordinates ki{Y), . . . , k]sf{Y). Denote by By C 
U{gl]sf[t]) the Bethe algebra constructed in Section [3?T] with the help of the sequence K = 
{Ki, . . . , Kjy) where Ki = ki(Y) for all i. 

For Y G Clx, introduce the polynomials {yo{u) , yi{u) , . . . , yN^i{u)}, by the formula 
^^(„)eE£.+i'=«(>')« Yl {k,iY)-k,iY)) =Wr{g,+,iu,Y),...,g^{u,Y)), 

a<i<j^N 

for a = 0, . . . , N. Set 

(8.2) ^a= Yl a = 0,...,N. 

b=a+l 

Clearly, Iq = |A| and 1^ = 0. 

For each a = 0, . . . , N— 1, the polynomial ya{u) is a monic polynomial of degree /„. Denote 
t^^\ . . . , the roots of the polynomial ya{u), and put 

/o q\ ^ _ /.(O) ,(0) AN-l) JN-l). 

[^.6) ty - [t^ , . . . , , . . . , , . . . , t;^_^ j . 

We say that ty are the root coordinates of Y. 

We say that F G 0;^ is generic if all roots of the polynomials yo{u) , yi{u) , . . . , yN^iiu) 
are simple and for each a = 1, . . . , N — 1, the polynomials ya-i{u) and ?/a(M) do not have 
common roots. 

If Y is generic, then the root coordinates ty satisfy the Bethe ansatz equations |MVlj . cf. 
|MTV4] : 



X] (a) _ (a-1) ~ X] _ M + X] Ja) _ ,(a+l) 

i'=l ''j' j'=l j'=l ''i 

Here the equations are labeled by a = 1, . . . , — 1, j = 1, . . . , /„. 

Conversely, if t = {tf'\ . . . , . . . , t^^~^\ . . . , ^/^J^"^'') satisfy the Bethe ansatz equations, 

then there exists a unique Y G Clx such that F is generic and t are its root coordinates. This 
Y is determined by the following construction, see |MVlj . cf. [MTV4] . Set 

la — l ^ la 

j=l U Ij i=i U tj 

Then the monic differential operator Vy with kernel Y is given by the formula: 

Vy = {d-x\u,t)) ... (9-X^(«,t)). 

Clearly, the operator Vy determines Y 
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Lemma 8.1. Generic points form a Zariski open subset of Clx. 

The lemma follows from Theorem 10.5.1 in |MTV4] . 

8.2. Universal weight function. Let A be a partition with at most parts. Let Zq, • • • , ^at 
be the numbers defined in f l8.2p . Denote n = Iq, I = li + ■ ■ ■ + In-i and / = (Zi, . . . , In-i)- 

Consider the weight subspace of the n-th tensor power of the vector representation 

of glj^ and the space C'+" with coordinates t = {t^i \ . . . , t['^\ . . . , t^^~^\ . . . , t\^~^^). 

In this section we remind the construction of a rational map u : C'+" {V'^")x, called 
the universal weight function, see |SV] . 

A basis of V"*^" is formed by the vectors 

ejv = ej,,if+ ® ■ ■ ■ (g) ej„^iv+ , 

where J = [ji, . . . ,jn) and 1 ^ js ^ for s = 1, . . . , A^. A basis of (V^'^")a is formed by the 
vectors cjv such that #{s | js > i} = k for every z = 1, . . . , A^ — 1. Such a J will be called 
Z-admissible. 

The universal weight function has the form 

uj{t) = ^ ujj{t)ejv 
J 

where the sum is over the set of all Z-admissible J, and the function ujj{t) is defined below. 
For an admissible J, define S{J) = {s \ js > 1} , and for i = 1, . . . , A^ — 1, define 

SiiJ) = {s\l^s^n, l^t<js}. 

Then | Si{J) \ = li. 

Let B{J) be the set of sequences f3 = {/3i, . . . , Pn~i) of bijections Pi : Si{J) ^ {1, . . . , k}, 
i = l,...,N-l. Then \B{J)\ = Ua=i • 

For s e S{J) and /3 e B{J), introduce the rational function 



(*) = AT) — M n 



''/3i(s) i=2 '^f3,(s) ''ft-l(s) 

and define 



/3eB(J) sG5(J) 

Example. Let n = 2 and Z = (1, 1, 0, . . . , 0). Then 

= m m OrT ^3,1^^+ 'S)V+ ^ rrr 7-T T- J-- V+ (g) 63,117+ . 

(tf)-t«)(t«-tf)) (tf)-tS^))(t«-4°)) 

Theorem 8.2. Let Y G 6e a generic point with root coordinates ty- Consider the value 
uj{tY) of the universal weight function uj : C'^" (^®")a CLt ty. Consider V'^"' as the g[^[t]- 
module ®^=iV{tf'') . Consider the Bethe algebra By C f/(g[^[t]). Then the vector uj{ty) is 
an eigenvector of the Bethe algebra By, acting on ®'^^]V{tf^). Moreover, T)^J^^^ = Vy, 
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where V^J^^^ andVy are the differential operators associated with the eigenvector uj{tY) and 
the point Y G Clx, respectively. 

The theorem is proved in [MTVlj . 

8.3. Epimorphism Fx. Let A*-^-*, . . . , A*-'^-', A be partitions with at most parts such that 
|A| = X]s=i l'^'"''''!) bi, . . . ,bk distinct complex numbers. Denote n = |A| and = lA^"*-*!, 
s = 1, . . . , k. 

For s = 1, . . . , k, let Fg : V^"'^ L^(b) be an epimorphism of gt^-modules. Then 



(8.4) Fi ® ■ ■ ■ ® : ^ ®ti^A(»)(^«) 

is an epimorphism of 0[jv[^]-niodule, which induces an epimorphism of iSy-modules 

for any Y with distinct coordinates ki{Y), . . . , kj\f{Y). 

8.4. Construction of an eigenvector from a differential operator. Let be an 

element of A\ x b K- Let Y^ be the kernel of V^. Then Y^ is a point of the cell Qx and 
Ki = ki{Y^) for all i. In particular, we have Bk = Byo. 

Choose a germ of an algebraic curve Y{e) in Qx such that 1^(0) = Y^ and Y{e) are generic 
points of Clx for all nonzero e. Let t{e) be the root coordinates of Y{e). The algebraic 
functions tf'\e), . . . ,tn\e) are determined up to permutation. Order them in such a way 
that the first Ui of them tend to 6i as e — 0, the next n2 coordinates tend to 62, and so on 
until the last coordinates tend to bk- 

For every nonzero e, the vector v{e) = uj{t{e)) belongs to (V^'^")a- This vector is an 

eigenvector of the Bethe algebra BY{e), acting on {0^=iV {t^^\e))) x, and we have ^^(g)'' = 
T>Y{e), see Theorem 18.21 

The vector t>(e) algebraically depends on e. Let f(e) = t>oe"° + fie"^ + . . . be its Puiseux 
expansion, where Vq is the leading nonzero coefficient. 

Theorem 8.3. For a generic choice of the maps Fi, . . . , F^, the vector F{vq) is nonzero. 
Moreover, F{vq) is an eigenvector of the Bethe algebra Bk, acting on ((S>^=ii^_;^(s) (&s))a; and 

Proof. For any generator Bij G -By(e), the action of Bij on the f/(g[;Y[t])-module ®^^iV{tf'^ (e)) 
determines an element of End(K®"), algebraically depending on e. Since for every nonzero 
e, the vector v{e) is an eigenvector of By(^^), acting on {'^'^=iV {t^^\e))) x, and = ^^y(e)) 
the vector vq is an eigenvector of By(o) = Bk, acting on {®s=i^{bs)'^""')x, and V^^ = V^. 

The 0[^[t]-module is a direct sum of irreducible g[^[t]-modules of the form 

(&s), where = Ug, s = 1, . . . , fc. Since G AA,\,b,K, the vector vq belongs to 

the component of type <^g^iL^{s){bs). Therefore, for generic choice of the maps Fi, . . . ,Fk, 
the vector F[vo) is nonzero. 

Since the map Fi ® ■ ■ ■ ® F^, see (18. 4p . is a homomorphism of -modules, the vector 
F{vo) is an eigenvector of the Bethe algebra Bk, acting on {®g^-^^L^^(s){bs))x, and ^^^^^j = 

□ 
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Given V E ^A,x,b,K, denote by 10(1)) the vector F{vo) G {'^^^iL^(s){bs))x constructed 
from T> in Section [57^ The vector w{T>) is defined up to multiphcation by a nonzero number. 
The assignment V i-^ w{V) gives the correspondence, which is inverse to the correspondence 
V 1—^ in part (v) of Theorem 17.11 

8.5. Completeness of Bethe ansatz for Gaudin model. The construction of the 
vector w{V) G {®g^iL^(s){bs))x from a differential operator V G Ajt^ x,b,K can be viewed as 
a (generalized) Bethe ansatz construction for the Gaudin model, cf. the Bethe ansatz 
constructions in [Baj, [Wj, jMVT] . pV2] . 

Theorem 8.4. If bi, . . . , bk are distinct real numbers and Ki, . . . , K]\[ are distinct real num- 
bers, then the collection of vectors 

{W{V) G (®tl^A(^)(&.))A I V G AA,X,b,K} 

is an eigenbasis of the action of the Bethe algebra Bk- 

The theorem follows from Theorem 17.11 and Corollaries 17.21 and 17.41 . 
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